In this paper we consider the random fuzzy differential equations and show their application by an example. Under suitable conditions the Peano type theorem on existence of solutions is proved. For our purposes, a notion of ε-solution is exploited.
Introduction
In literature one can find different approaches to consider of fuzzy initial value problem. The first one, using a notion of Hukuhara differentiability, has been proposed by Kaleva in his paper [15] and then applied in [16, 27, 29, 34] , for the recent works see e.g. [28, 32, 33] . A completely dissimilar view on such fuzzy differential equations (FDEs) one encounters in [1, 2, 11, 14] . There it is suggested to treat FDE as a family of differential inclusions. Under some condition, the identity of solutions obtained by the two described approaches has been established in [17] . For a significant collection of results from the theory of FDEs, treated in these two manners, we refer to the monographs [10, 21] . The next approach based on a concept of strongly generalized differentiability has been utilized in [5, 6, 9] . Also a method which relies on the application of Zadeh's extension principle was considered in [25] . The new methods in FDEs have been developed to overcome some shortcomings of preceding approaches. However, currently many researches argue that a possibility of varied formulations of FDEs can be an advantage (see e.g. [4] ) and the theory of FDEs should be investigated as an independent discipline (see e.g. [7, 17] ).
Only few papers discuss on random fuzzy differential equations (RFDEs) ( [12, 13, 24] ). This type of differential equations can provide good models of dynamics of real phenomena which are subjected to two kinds of uncertainties: randomness and fuzziness, simultaneously. In each of the mentioned papers the RFDEs were investigated in different settings and the existence of a unique solution was proved. In this work we propose a result of the existence of at least one solution to RFDEs.
In perspective one can think about a generalization of the problem considered in this paper. Namely, it would be interesting to set a background and develop an idea of stochastic fuzzy differential equations of Itô type, where a diffusion term appears. Here the main problem is to define the notion of stochastic fuzzy Itô integral as being a fuzzy stochastic process. A natural way to do this seems to be the following one: to define a stochastic set-valued Itô integral (as a set-valued stochastic process) and then using the Stacking Theorem of Negoita-Ralescu [26] to introduce a concept of stochastic fuzzy Itô integral. Such a method of defining fuzzy Itô integral one can be found in [18, 23] . Unfortunately, this approach fails as we find out from [35] that an intersection property (a crucial one for applying the Stacking Theorem) of the set-valued Itô integral may not hold true in general. Therefore, unfortunately, the definition of fuzzy Itô integral in [18, 23] seems to be incorrect and most of the results in [18] seem to be questionable. A correct definition of fuzzy Itô integral is still an open problem. Hence, at this stage, there is an obstacle to formulation of stochastic fuzzy differential equations with a diffusion term and in this paper we consider only random fuzzy differential equations.
Preliminaries
In this section we collect some definitions and theorems concerning integration and differentiation of fuzzy set-valued mappings. The notions of fuzzy random variable and fuzzy stochastic process are recalled.
Let K(R d ) denote a family of all nonempty compact convex subsets
We define addition and scalar multiplication in K(R d ) as usual, i.e., for A, B ∈ K(R d ) and λ ∈ R,
Let's denote 
is a complete metric space, and for every u, v, w, z
g. Puri and Ralescu [31] ).
Definition 1 (Puri and Ralescu [31]). Let
By virtue of Remark 4.1 in Kaleva [15] we have
We recall (see Kaleva [15] ) some properties of integrability for fuzzy mappings.
Peano type theorem for random fuzzy initial ...
If there exists w ∈ E d such that u = v + w, then we call w the H-difference of u and v, and we denote it by u ⊖ v. Note that
Definition 2 (Puri and Ralescu [30]). A mapping
exist and are equal to F ′ (t 0 ).
The limits are taken in the metric space (E d , D), and at the boundary points we consider only the one-sided derivatives. All the following results are due to Kaleva [15] .
Let (Ω, F, P) be a complete probability space. A function x : Ω → E d is called the fuzzy random variable if for all α ∈ [0, 1] the set-valued mapping
For set-valued analysis we refer to Aubin and Frankowska [3] , Castaing and Valadier [8] , Kisielewicz [19] .
A mapping x : [a, b] × Ω → E d is said to be a fuzzy stochastic process if x(·, ω) is a fuzzy set-valued function with any fixed ω ∈ Ω (this function will be called a trajectory), and x(t, ·) is a fuzzy random variable for any fixed Throughout the paper, the fact that x(ω) = y(ω) with P.1, where x, y are random elements, we will often denote as x(ω)
x(t, ω)
A P.1 = y(t, ω) for short, similarly for the inequalities.
Formulation of RFDE and some application
In the paper we will consider a fuzzy initial value problem of the form:
Definition 3. By a local solution to the RFDE (1) we mean a continuous fuzzy stochastic process
, and x(0, ω)
For a start let us write down a very useful assertion about the equivalence between solutions of differential and integral equations. P roof. The proof is a simple consequence of the properties (I2), (D2), (D3), (D4), and will be omitted.
As a consequence of Theorem 1 in [24] we can write the following assertion on the existence and uniqueness of the solution to (1). In the sequel we want to present an application of the theory of RFDEs. We will use some RFDE and Theorem 1 in a model of population dynamics.
Consider a population of some species which lives on a given territory. Let x(t) denote the number of individuals in the underlying population at the instant t. A classical, crisp, deterministic model of the evolution of a given population is described by the Malthus differential equation:
where r, m, i are some constants which describe a reproduction coefficient, a mortality coefficient, and an immigration coefficient, respectively. Let us denote a := r − m. The symbol x 0 denotes the initial number of individuals.
The solution x of equation (2) is:
x(t) = x 0 + i a exp{at} − i a for a = 0, and x(t) = x 0 + it for a = 0.
Our aim is to transform the preceding model to the case where some uncertainties in x(t) appear. Let us introduce an observer (who watches this population) to the considerations. Assume, additionaly, that the state of the population depends on random factors, and that the observer can describe the state of the population only in linguistics (in inexact way), i.e., he is able to say that the population is, for example, "very small", "small", "not big", "big", "large" etc. In this way we incorporate two types of uncertainty to the population growth model. The first kind of uncertainty can be found in Probability Theory, while the second is well suited to Fuzzy Set Theory. At this stage we could write the model with uncertainties as:
where ω ∈ (Ω, F, P) symbolizes a random factor v : Ω → E 1 is a fuzzy random variable such that D(v(ω),θ)
≤ K for some constant K > 0, x 0 is a constant fuzzy set from E 1 , the derivative is now the fuzzy derivative, and the real constant a has the same meaning as before. Obviously, the solution x is now a fuzzy stochastic process x : [0, T ] × Ω → E 1 . So we arrived at RFDE of type (1), where f :
Such f satisfies the assumptions of Theorem 1. Hence, equation (3) has a unique solution.
In the sequel we shall establish the explicit solution to (3) . Let us start with a = 0. Then it can be easily verified that the solution
For further considerations let us denote the α-levels (α
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and
: Ω → R are the random variables. Now we can rewrite problem (3) in the form of systems of crisp random differential equations: for a > 0
and for a < 0
The solution to (4) is
which implies that the solution x : [0, T ] × Ω → E 1 to (3) with a > 0 is of the form
Solving (5) we obtain
Hence, the solution x : [0, T ] × Ω → E 1 to (3) with a < 0 reads
Since for a < 0 and t ∈ (0, T ] the expressions cosh(at), sinh(at) are of the opposite sign (similar observation holds for the expressions [sinh(at)]/a, [cosh(at) − 1]/a), one cannot rewrite the above solution in the form of the solution which was established in the case a > 0. This is a change, where one compares the crisp situation.
Existence of at least one solution
In this section we shall prove the existence of at least one solution to RFDE (1). For r ∈ (0, ∞) denote B(x 0 , r) = {x ∈ E d | D(x, x 0 ) ≤ r}. Let b ∈ (0, ∞) be a given constant. We assume, that the random fuzzy function f from (1) satisfies:
the following holds with P.1
where M is a positive constant.
In order to obtain our result we consider the notion of ε-solution. Now we formulate an assertion needed in the sequel.
such that for some b ∈ (0, ∞) the hypotheses (H1)-(H3) are fulfilled. Then, for every ε > 0 there exists a local ε-solution to problem (1).
We can do that with P.1 because (H2) is satisfied. Define τ = min{T, b M } and let 0 = t 0 < t 1 < t 2 < . . . < t n = τ be a division of the interval [0, τ ] into n parts, n ∈ N, such that
Let us define a mapping x : [0, τ ] × Ω → E d as follows:
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For every fixed t ∈ [0, τ ] the mapping x(t, ·) : Ω → E d is a fuzzy random variable. Hence, x is a fuzzy stochastic process. We shall show that x is ε-solution to (1). It is clear that for every ω ∈ Ω the mapping x(·, ω) is continuous on [0, τ ] \ {t 1 , t 2 , . . . , t n−1 }. For the continuity at points t k , k = 1, 2, . . . , n − 1, let us notice the following
In the sequel we show that x(t, ω) ∈ B(x 0 , b) for every t ∈ [0, τ ] with P.1. For k = 1, 2, . . . , n one obtains
Therefore we infer
Each trajectory x(·, ω) : [0, τ ] → E d has the following property
At the division points t k , k = 1, 2, . . . , n − 1, the mappings x(·, ω) are not differentiable since
and lim
For t = 0 and t = τ there exist one-sided derivatives. Thus we can write that each trajectory of x is differentiable on [0, τ ] \ {t 1 , t 2 , . . . , t n−1 }. Note now that for almost every trajectory x(·, ω) we have: for t ∈ (t k−1 , t k ), k = 1, 2, . . . , n t − t k−1 < δ ≤ δ 0 and D x(t, ω), x(t k−1 , ω) ≤ δ 0 .
This implies
D f ω (t k−1 , x(t k−1 , ω)), f ω (t, x(t, ω)) = D x ′ (t, ω), f ω (t, x(t, ω)) ≤ ε.
Therefore, it follows D x ′ (t, ω), f ω (t, x(t, ω))
which implies that x is ε-solution to (1).
The following theorem is the main result of the paper. This means that {z m (·, ·, ω) | m ∈ N} is uniformly bounded with P.1.
